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AN INFINITE PRESENTATION FOR THE TWIST SUBGROUP
OF THE MAPPING CLASS GROUP OF A COMPACT
NON-ORIENTABLE SURFACE
RYOMA KOBAYASHI AND GENKI OMORI
Abstract. A finite presentation for the subgroup of the mapping class group
of a compact non-orientable surface generated by all Dehn twists was given
by Stukow [26]. In this paper, we give an infinite presentation for this group,
mainly using the presentation given by Stukow [26] and Birman exact se-
quences on mapping class groups of non-orientable surfaces.
1. Introduction
1.1. Background.
For g ≥ 1 and n ≥ 0, let Ng,n denote a compact non-orientable surface of genus
g with n boundary components, that is, Ng,n is a surface obtained by removing n
disks from a connected sum of g real projective planes. For g ≥ 0 and n ≥ 0, let
Σg,n denote a compact orientable surface of genus g with n boundary components,
that is, Σg,n is a surface obtained by removing n disks from a connected sum of g
tori. As shown in Figure 1, we can regard Ng,n as a surface obtained by attaching
g− 2h Mo¨bius bands to g− 2h boundary components of Σh,n+g−2h, for 0 ≤ h <
g
2
.
We call these attached Mo¨bius bands crosscaps.
Figure 1. A model of a non-orientable surface Ng,n.
The mapping class group of Ng,n, denoted by M(Ng,n), is the group consisting
of isotopy classes of all diffeomorphisms of Ng,n which fix the boundary pointwise.
The mapping class group of Σg,n, denoted by M(Σg,n), is the group consisting of
isotopy classes of all orientation-preserving diffeomorphisms of Σg,n which fix the
boundary pointwise. It is well known that M(Σg,n) is generated by only Dehn
twists (see [3, 17, 4]). On the other hand, M(Ng,n) can not be generated by only
Dehn twists. As generators ofM(Ng,n), other than Dehn twists, crosscap slides or
crosscap transpositions are needed (see [16, 18]). Let us consider the subgroup of
M(Ng,n) generated by all Dehn twists, denoted by T (Ng,n). We call T (Ng,n) the
twist subgroup of M(Ng,n).
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We now explain about the history of studies on presentations for M(Σg,n),
M(Ng,n) and T (Ng,n). Finite presentations for M(Σg,n) ware given by Hatcher-
Thurston [10] and Harer [9], and subsequently simplified by Wajnryb [28] and Mat-
sumoto [20] for n ≤ 1. Gervais [8] and Labrue`re-Paris [15] gave finite presentations
of M(Σg,n) for n ≥ 2. Gervais [7] gave an infinite presentation for M(Σg,n) by
using the presentation forM(Σg,n) given in [9, 28], and then Luo [19] simplified its
presentation. Finite presentations for M(N2,0), M(N2,1), M(N3,0) and M(N4,0)
ware given by [16], [2], [23] and [27] respectively. Note that M(N1,0) and M(N1,1)
are trivial (see [5]). Paris-Szepietowski [22] gave a finite presentation of M(Ng,n)
for g + n > 3 with n ≤ 1. Stukow [25] gave another finite presentation of M(Ng,n)
for g + n > 3 with n ≤ 1, applying Tietze transformations for the presentation
of M(Ng,n) given in [22]. The second author [21] gave an infinite presentation of
M(Ng,n) for g ≥ 1 and n ≤ 1, using the presentation ofM(Ng,n) given in [25], and
then, following this work, the authors [12] gave an infinite presentation ofM(Ng,n)
for g ≥ 1 and n ≥ 2. It is known that T (Ng,n) is the index 2 subgroup ofM(Ng,n)
(see [18]). Stukow [26] gave a finite presentation of T (Ng,n) for g + n > 3 with
n ≤ 1, applying the Reidemeister-Schreier method for the presentation ofM(Ng,n)
given in [25] (see Theorems 2.5 and 2.6).
In this paper, we give an infinite presentation of T (Ng,n) for g ≥ 1 and n ≥ 0 (see
Theorem 1.1), mainly using the presentation of T (Ng,n) given in [26] and Birman
exact sequences on mapping class groups of non-orientable surfaces.
Through this paper, the product gf of mapping classes f and g means that we
apply f first and then g. Moreover we do not distinguish a loop from its isotopy
class.
1.2. Main result.
For a simple closed curve c of Ng,n, a regular neighborhood of c is ether an
annulus or a Mo¨bius band. We call c a two sided or a one sided simple closed curve
respectively. For a two sided simple closed curve c, we can take the two orientations
+c and −c of a regular neighborhood of c. The right handed Dehn twist tc;θ about
a two sided simple closed curve c with respect to θ ∈ {+c,−c} is the isotopy class
of the map described as shown in Figure 2. tc;θ does not depend on a choice of
a representative curve of the isotopy class of c and its regular neighborhood. We
remark that although the Dehn twist was defined for an oriented simple closed
curve in [21, 12], in this paper we do not consider an orientation of a simple closed
curve in the definition of the Dehn twist. We write tc;θ = tc if the orientation θ is
given explicitly, that is, the direction of the twist is indicated by an arrow written
beside c as shown in Figure 2.
Figure 2. The Dehn twist tc about c with an arrow.
We denote by f∗(θ) the orientation of a regular neighborhood of f(c) induced
from θ ∈ {+c,−c}, for a two sided simple closed curve c of Ng,n and f ∈M(Ng,n).
Let c1, . . . , ck, c0, c
′
0 and d1, . . . , d7 be simple closed curves with arrows as shown
in Figure 3. M(Ng,n) admits following relations.
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(1) tc;θ = 1 if c bounds a disk or a Mo¨bius band.
(2) t−1c;−c = tc;+c .
(3) ftc;θf
−1 = tf(c);f∗(θ) for f ∈ M(Ng,n).
(4) (tc1tc2 · · · tck)
k+1 = tc0tc′0 if k is odd,
(tc1tc2 · · · tck)
2k+2 = tc0 if k is even.
(5) td1td2td3 = td4td5td6td7 .
We can check the relations (1) and (2) easily. The relations (3), (4) and (5) are
called a conjugation relation, a k-chain relation, a lantern relation respectively.
These are famous relations on mapping class groups. In the relation (3), if f = tc′;θ′,
|c ∩ c′| = 0 or 1, and the orientations θ and θ′ are compatible, then the relation
can be rewritten as a commutativity relation tc;θtc′;θ′ = tc′;θ′tc;θ or a braid relation
tc;θtc′;θ′tc;θ = tc′;θ′tc;θtc′;θ′ respectively.
Figure 3.
Our main result is as follows.
Theorem 1.1. For g ≥ 1 and n ≥ 0, T (Ng,n) admits a presentation with a
generating set
X =
{
tc;θ
∣∣∣∣ c is a two sided simple closed curve of Ng,n,θ is an orientation of a regular neighborhood of c.
}
.
The defining relations are
(1) tc;θ = 1 if c bounds a disk or a Mo¨bius band,
(2) t−1c;−c = tc;+c,
(3) all the conjugation relations ftc;θf
−1 = tf(c);f∗(θ) for f ∈ X,
(4) all the 2-chain relations,
(5) all the lantern relations,
Remark 1.2. If a two sided simple closed curve c is a non separating curve of N2,0,
then we can check that tc;+c and tc;−c are same elements inX of Theorem 1.1, hence
by the relation (2) of Theorem 1.1, we have the relation t2c;θ = 1.
Remark 1.3. It is known that any chain relation is obtained from the relations
(3), (4) and (5) of Theorem 1.1 (see [7, 19]). We assign the label (4)′ to all the
chain relations.
Here is the outline of this paper. In Section 2, we explain what we need to prove
our main result. In Section 3, we prove that the infinitely presented group with the
presentation in Theorem 1.1 is isomorphic to T (Ng,n) with a presentation which is
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already known, for n ≤ 1. In Section 4, we complete the proof of Theorem 1.1, by
induction on n.
2. Preliminaries
In this section, we explain what we need to prove our main result Theorem 1.1.
In Section 2.1, we define the capping map, the point pushing map, the forgetful map
and the crosscap pushing map on mapping class groups for non-orientable surfaces.
In Section 2.2, we introduce a finite presentation of T (Ng,n) for g ≥ 1 and n ≤ 1.
2.1. Homomorphisms on mapping class groups of non-orientable sur-
faces.
We first define the capping map, the point pushing map and the forgetful map
on mapping class groups of non-orientable surfaces. Take a point ∗ in the interior
of Ng,n−1. Let M(Ng,n−1, ∗) denote the group consisting of isotopy classes of
all diffeomorphisms of Ng,n−1 which fix ∗ and the boundary pointwise. We can
regard Ng,n as a subsurface of Ng,n−1 not containing ∗. The natural embedding
Ng,n →֒ Ng,n−1 induces the homomorphism
C :M(Ng,n)→M(Ng,n−1, ∗)
which is called the capping map. The point pushing map
P∗ : π1(Ng,n−1, ∗)→M(Ng,n−1, ∗)
is defined as follows. For any loop x ∈ π1(Ng,n−1, ∗), P∗(x) is described by pushing
∗ once along x. The forgetful homomorphism
F :M(Ng,n−1, ∗)→M(Ng,n−1)
is defined naturally, that is, F(f) is not fix ∗.
Next, we consider exact sequences on mapping class groups of non-orientable
surfaces. Let M+(Ng,n−1, ∗) denote the subgroup of M(Ng,n−1, ∗) consisting of
elements which preserve a local orientation of ∗, and π+1 (Ng,n−1, ∗) the subgroup
of π1(Ng,n−1, ∗) generated by two sided simple loops. We have the exact sequences
1→ Z→M(Ng,n)
C
→M+(Ng,n−1, ∗)→ 1,(1)
π+1 (Ng,n−1, ∗)
P∗→M+(Ng,n−1, ∗)
F
→M(Ng,n−1)→ 1.(2)
The second sequence is called the Birman exact sequence, introduced by Birman [1].
Note that P∗ is injective except for the case (g, n) = (2, 1). For details see [1, 14,
24, 6, 22].
Remark 2.1. For a simple loop α ∈ π+1 (Ng,n−1, ∗), we take an orientation θ of a
regular neighborhood of α. Let γ1 and γ2 be the right side boundary curve and the
left side boundary curve of the regular neighborhood of α with respect to θ for the
orientation of α, respectively. Then we have P∗(α) = tγ1;θ1t
−1
γ2;θ2
, where θ1 and θ2
are the orientations compatible with θ (see Figure 4).
Remark 2.2. For simple loops α, β and γ ∈ π+1 (Ng,n−1, ∗) with αβ = γ, if α
and β intersect transversally at only ∗, then the relation P∗(γ) = P∗(β)P∗(α) is
obtained from the relation (3) of Theorem 1.1. For details see [12]. If α and β
intersect tangentially at only ∗, then the relation P∗(γ) = P∗(β)P∗(α) is obtained
from the relation (5) of Theorem 1.1 and a relation tc;θ = 1, where c is a simple
closed curve bounding ∗. We call this relation the extended lantern relation.
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Figure 4. The boundary curves γ1 and γ2 of a regular neighbor-
hood of α.
Finally, we define the crosscap pushing map. Let S be a surface obtained by
collapsing some crosscap of Ng,n. We call this operation the blowdown with respect
to the crosscap. Note that S is diffeomorphic to ether Ng−1,n or Σ g−1
2
,n (see
Figure 5). Let ∗ be the collapsed point of S. Conversely, we can obtain Ng,n from
S, and call this operation the blowup with respect to ∗. The crosscap pushing map
P⊗ : π1(S, ∗)→M(Ng,n)
is defined as follows. For x ∈ π1(S, ∗), let x˜ be an oriented loop of Ng,n induced
from x by the blowup with respect to ∗. P⊗(x) is described by pushing the crosscap,
which is obtained by the blowup with respect to ∗, once along x˜ (see Figure 6).
Figure 5.
Figure 6. The crosscap pussing map P⊗.
Similar to Remarks 2.1 and 2.2, we have the followings.
Remark 2.3. For a two sided simple loop α ∈ π1(S, ∗), we take an orientation θ of
a regular neighborhood of α. Let γ1 and γ2 be the right side boundary curve and
the left side boundary curve of the regular neighborhood of α with respect to θ for
the orientation of α, respectively, and γ˜1 and γ˜2 loops of Ng,n induced from γ1 and
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γ2 by the blowup with respect to ∗, respectively. Then we have P⊗(α) = tγ˜1;θ˜1t
−1
γ˜2;θ˜2
,
where θ˜1 and θ˜2 are the orientations of regular neighborhoods of γ˜1 and γ˜2 induced
by the blowup with respect to ∗ from the orientations of regular neighborhoods of
γ1 and γ2 which are compatible with θ, respectively.
Remark 2.4. For two sided simple loops α, β and γ ∈ π1(S, ∗) with αβ = γ, if
α and β intersect transversally at only ∗, then the relation P⊗(γ) = P⊗(β)P⊗(α)
is obtained from the relarions (3) of Theorem 1.1. For details see [12]. If α and β
intersect tangentially at only ∗, then the relation P⊗(γ) = P⊗(β)P⊗(α) is obtained
from the relarions (1) and (5) of Theorem 1.1.
2.2. A finite presentation for T (Ng,n).
For g ≥ 2 and n ≥ 0 we have the short exact sequence
1→ T (Ng,n)→M(Ng,n)→ Z/2Z→ 1(3)
(see [16, 18]). Using the Reidemeister Schreier method for a presentation of
M(Ng,n), we can obtain a presentation of T (Ng,n).
For n ≤ 1, let α1, . . . , αg−1, β, γ, ε and ζ be simple closed curves of Ng,n with
arrows as shown in Figure 7, and if g is even, β0, . . . , β g−2
2
, β¯ g−6
2
, β¯ g−4
2
and β¯ g−2
2
simple closed curves of Ng,n with arrows as shown in Figure 7. Let α be an oriented
simple loop of Ng−1,n based at ∗ induced from α1 by the blowdown with respect to
the first crosscap, as shown in Figure 7. For simplicity, we denote tαi = ai, tβ = b,
tγ = c, tε = e, tζ = f , tβi = bi, tβ¯i = b¯i and P⊗(α) = y. Note that y
2 = tδ,
where δ is a simple close curve of Ng,n with an arrow as shown in Figure 7. For
g ≥ 1 and n ≤ 1, T (Ng,n) admits a finite presentation given in Theorems 2.5, 2.6
or Lemma 2.7.
Figure 7.
Theorem 2.5 ([26]). If g ≥ 3 is odd or g = 4, then T (Ng,1) admits a presentation
with generators a1, . . . , ag−1, e, f , y
2 and b, c for g ≥ 4. The defining relations are
(A1) aiaj = ajai for g ≥ 4, |i− j| > 1,
(A2) aiai+1ai = ai+1aiai+1 for i = 1, . . . , g − 2,
(A3) aib = bai for g ≥ 4, i 6= 4,
(A4) ba4b = a4ba4 for g ≥ 5,
(A5) (a2a3a4b)
10 = (a1a2a3a4b)
6 for g ≥ 5,
(A6) (a2a3a4a5a6b)
12 = (a1a2a3a4a5a6b)
9 for g ≥ 7,
(A11) eaj = aje for g ≥ 5, j ≥ 4,
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(A12) faj = ajf for g ≥ 5, j ≥ 4,
(A21) a1ea1 = ea1e,
(A22) a
−1
3 ea
−1
3 = ea
−1
3 e for g ≥ 4,
(A23) a1fa1 = fa1f ,
(A31) a1c = ca1 for g = 4, 5,
(A32) ec = ce for g = 4, 5,
(A4) ca4c = a4ca4 for g = 5, 6,
(A5) (e−1a3a4c)
10 = (a−11 e
−1a3a4c)
6 for g = 5, 6,
(A6) (e−1a3a4a5a6c)
12 = (a−11 e
−1a3a4a5a6c)
9 for g = 7, 8,
(B1) (a2a3a1a2ea1a
−1
3 e)(a2a3a1a2fa1a
−1
3 f) = 1 for g ≥ 4,
(B21) y
2 = a2a1ea1a2a1a2a1a2fa1a2,
(B22) (a2a1ea1a2a1a2a1a2fa1a2)(a2a1fa1a2a1a2a1a2ea1a2) = 1,
(B3) y2a3 = a3y
2 for g ≥ 4,
(B41) ea2 = a2e,
(B42) fa2 = a2f ,
(B61) bc = (a1a2a3f
−1a−13 a
−1
2 a
−1
1 )(a
−1
2 a
−1
3 e
−1a3a2) for g ≥ 4,
(B62) c(y
2by−2) = (a−11 e
−1a3a2a
−1
3 ea1)(ea
−1
3 y
2a2y
−2a3e
−1) for g = 4, 5,
(B71) (a4a5a3a4a2a3a1a2ea1a
−1
3 ea
−1
4 a
−1
3 a
−1
5 a
−1
4 )c =
b(a4a5a3a4a2a3a1a2ea1a
−1
3 ea
−1
4 a
−1
3 a
−1
5 a
−1
4 ) for g ≥ 6,
(B72) (a
−1
2 a
−1
1 a
−1
3 a
−1
2 a
−1
4 a
−1
3 a
−1
5 a
−1
4 )b(a4a5a3a4a2a3a1a2)y
2 =
y2(a−12 a
−1
1 a
−1
3 a
−1
2 a
−1
4 a
−1
3 a
−1
5 a
−1
4 )b(a4a5a3a4a2a3a1a2) for g ≥ 6,
(B81) (a1ea
−1
3 a
−1
4 ca4a3e
−1a−11 )(a
−1
1 a
−1
2 a
−1
3 a
−1
4 b
−1a4a3a2a1) =
a−14 (a
−1
3 a
−1
2 e
−1a3a4a
−1
3 ea2a3)a
−1
2 e
−1 for g ≥ 5,
(B82) (a
−1
1 a
−1
2 a
−1
3 a
−1
4 ba4a3a2a1)(a1fa
−1
3 a
−1
4 y
−2c−1y2a4a3f
−1a−11 ) =
a−14 (a
−1
3 fa2a3a4a
−1
3 a
−1
2 f
−1a3)fa2 for g = 5, 6.
If g ≥ 6 is even, then T (Ng,1) admits a presentation with generators a1, . . . , ag−1,
e, f , y2, b, c and additionally b0, . . . , b g−2
2
, b¯ g−6
2
, b¯ g−4
2
, b¯ g−2
2
. The defining relations
are relations (A1)-(A6), (A11)-(A6), (B1)-(B82) and additionally
(A7) b0 = a, b1 = b,
(A8) bi+1 = (bi−1a2ia2i+1a2i+2a2i+3bi)
5(bi−1a2ia2i+1a2i+2a2i+3)
−6 for 1 ≤ i ≤
g−4
2 ,
(A9a) b2b = bb2 for g = 6,
(A9b) b g−2
2
ag−5 = ag−5b g−2
2
for g ≥ 8,
(A7a) b¯0 = a
−1
1 , b¯1 = c for g = 6,
(A7b) b¯1 = c for g = 8,
(A7c) b¯i = zg−1biz
−1
g−1 where i =
g−6
2 ,
g−4
2 , i ≥ 2 and zg−1 =
(ag−1agag−2ag−1 · · · a3a4e
−1a3a
−1
1 e
−1)(a−12 a
−1
1 · · ·a
−1
g−1a
−1
g−2a
−1
g a
−1
g−1),
(A8a) b¯2 = (b¯0e
−1a3a4a5b¯1)
5(b¯0e
−1a3a4a5)
−6 for g = 6,
(A8b) b¯ g−2
2
= (b¯ g−6
2
ag−4ag−3ag−2ag−1b¯ g−4
2
)5(b¯ g−6
2
ag−4ag−3ag−2ag−1)
−6 for g ≥
8,
(A9a) b¯2c = cb¯2 for g = 6,
(A9b) b¯ g−2
2
ag−5 = ag−5b¯ g−2
2
for g ≥ 8.
Theorem 2.6 ([26]). If g ≥ 5 is odd, then the group T (Ng,0) is isomorphic to the
quotient of the group T (Ng,1) with the presentation given in Theorem 2.5 obtained
by adding a generator ̺ and relations
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(C1a) (a1a2 · · ·ag−1)
g = ̺,
(C1a) (a−11 e
−1a3 · · · ag−1)
g = y2̺,
(C2) ai̺ = ̺ai for 1 ≤ i ≤ g − 1,
(C2) ̺e = f̺,
(C51) ̺y
2 = y−2̺,
(C3) ̺2 = 1,
(C4a) (a2a3 · · ·ag−1e
−1a3 · · ·ag−1)
g−1
2 = 1.
Moreover, relations (A12), (B22), (B42) are superfluous.
If g ≥ 4 is even, then the group T (Ng,0) is isomorphic to the quotient of the
group T (Ng,1) with the presentation given in Theorem 2.5 obtained by adding a
generator ¯̺ and relations
(C1b) (a1a2 · · ·ag−1)
g = 1,
(C21) ¯̺a1 = a
−1
1 ¯̺,
(C22) ¯̺ai = ai ¯̺ for 3 ≤ i ≤ g − 1,
(C23) ¯̺a2 = e
−1 ¯̺,
(C52) ¯̺y
2 = y−2 ¯̺,
(C3) ¯̺2 = 1,
(C4) (¯̺a2a3 · · ·ag−1)
g−1 = 1.
Moreover, relations (A11), (A21), (A22) are superfluous.
Lemma 2.7. (1) T (N1,0) and T (N1,1) are trivial.
(2) T (N2,0) = 〈a1 | a
2
1〉
(3) T (N2,1) = 〈a1, y
2 | a1y
2a−11 y
−2〉
(4) T (N3,0) = 〈a1, a2 | a1a2a1a
−1
2 a
−1
1 a
−1
2 , (a1a2)
6〉
Proof. Note that Z/2Z is generated by the image of y, in the sequence (3).
(1) M(N1,0) and M(N1,1) are trivial (see [5]). Thus T (N1,0) and T (N1,1) are
also trivial.
(2) We have the presentation
M(N2,0) = 〈a1, y | a
2
1, y
2, (a1y)
2〉
(see [16]). Using the Reidemeister Schreier method for this presentation,
we obtain the presentation
T (N2,0) = 〈a1, y
2 | a21, y
2, a−11 y
2a1〉
= 〈a1 | a
2
1〉
(3) We have the presentation
M(N2,1) = 〈a1, y | ya1y
−1a1〉
(see [2]). Using the Reidemeister Schreier method for this presentation, we
obtain the presentation
T (N2,1) = 〈a1, y
2 | a1y
2a−11 y
−2〉.
(4) We have the presentation
M(N3,0) = 〈a1, a2, y | a1a2a1a
−1
2 a
−1
1 a
−1
2 , (a1a2)
6, y2, (a1y)
2, (a2y)
2〉
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(see [23]). Using the Reidemeister Schreier method for this presentation,
we obtain the presentation
T (N3,0) = 〈a1, a2, y
2 | a1a2a1a
−1
2 a
−1
1 a
−1
2 , (a1a2)
6, y2, a−11 y
2a1, a
−1
2 y
2a2〉
= 〈a1, a2 | a1a2a1a
−1
2 a
−1
1 a
−1
2 , (a1a2)
6〉.

3. Proof of Theorem 1.1 for g ≥ 1 and n ≤ 1
In this section, we prove Theorem 1.1 for g ≥ 1 and n ≤ 1, using the presentation
of T (Ng,n) given in Theorems 2.5, 2.6 and Lemma 2.7.
Let 〈X | Y 〉 be the infinitely presented group with the presentation given in
Theorem 1.1, and 〈X0 | Y0〉 the presentation for T (Ng,n) given in Theorems 2.5,
2.6 or Lemma 2.7. Denote by F (X0) the free group freely generated by X0. Let
p : F (X0) → 〈X0 | Y0〉 be the natural projection and η : F (X0) → 〈X | Y 〉 the
homomorphism defined as η(x) = x for any x ∈ X0. We consider a correspondence
ψ : 〈X0 | Y0〉 → 〈X | Y 〉
satisfying ψ ◦p = η. Showing the following proposition, we will obtain Theorem 1.1
for g ≥ 1 and n ≤ 1.
Proposition 3.1. For g ≥ 1 and n ≤ 1, ψ is the isomorphism.
Let ϕ : 〈X | Y 〉 → 〈X0 | Y0〉 = T (Ng,n) be the homomorphism defined as
ϕ(tc;θ) = tc;θ for any tc;θ ∈ X . Since ϕ(Y ) = 1 in T (Ng,n) clearly, ϕ is well-
defined. By the definitions of ψ and ϕ, it is clear that ϕ ◦ ψ is the identity map
if ψ is a homomorphism. Hence in order to prove Proposition 3.1, what we need
is to show well-definedness and surjectivity of ψ. In Sections 3.1 and 3.2, we see
well-definedness and surjectivity of ψ respectively.
3.1. Well-definedness of ψ.
In order to see well-definedness of ψ, it suffices to show that ψ(r) = 1 in 〈X | Y 〉
for any r ∈ Y0, that is, we check that any relation and relator of T (Ng,n) in
Theorems 2.5, 2.6 and Lemma 2.7 are obtained from the relations (1)-(5) of T (Ng,n)
in Theorem 1.1 and the relation (4)′ assigned in Remark 1.3.
First we notice that the relations (A7), (A7a) and (A7b) are trivial from the
definition of loops as shown in Figure 7 and that the relation (C1a) is the definition
of ̺. It is easy to check that any relator of T (Ng,n) in Lemma 2.7 is obtained from
the relations (1)-(4) in Theorem 1.1. In particular, for the relator a2 of T (N2,0),
recall Remark 1.2. The relations (A1), (A2), (A3), (A4), (A11), (A12), (A21),
(A22), (A23), (A31), (A32), (A4), (B3), (B41), (B42), (B71), (B72), (A9a), (A9b),
(A7c), (A9a), (A9b) (C2), (C2), (C51), (C21), (C22), (C23) and (C52) are obtained
by repeating the relation (3) in Theorem 1.1. The relations (A5), (A6), (A5), (A6),
(A8), (A8a) and (A8b) come from relations of mapping class groups of orientable
surfaces (see [20]), and hence these relations are obtained from the relations (3),
(4) and (5) in Theorem 1.1 by results in [7, 19]. The relations (C3) and (C1b) are
obtained from the relations (1) in Theorem 1.1 and (4)′ assigned in Remark 1.3.
Thus it suffices to show that the relations (B1), (B21), (B22), (B61), (B62), (B81),
(B82), (C1a), (C4a), (C3) and (C4) are satisfied in 〈X | Y 〉.
Recall the simple closed curves and the simple loop as shown in Figure 7.
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3.1.1. On the relation (B1).
The relation (B1) can be rewritten as follows.
(a2a3a1a2ea1a
−1
3 e)(a2
(B41)
a3a1
(A1)
a2fa1a
−1
3 f) = 1
⇐⇒ a2a3a1(a2ea1a
−1
3 a2ea1a3a2fa1a
−1
3 fa2
(B42)
a3a1
(A1)
)a−11 a
−1
3 a
−1
2 = 1
⇐⇒ a1{(a2ea1)a
−1
3 (a2ea1)a3(a2fa1)a
−1
3 (a2fa1)a3}a
−1
1 = 1.
Similarly, the relation (B21) can be rewritten as follows.
y2 = a2a1ea1
(A21)
a2a1a2a1 a2f
(B42)
a1a2
= a2ea1 ea2
(B41)
a1a2a1fa2a1a2
(A2)
= a2ea1a2ea1a2a1fa1
(A23)
a2a1
= a2ea1a2ea1a2fa1 fa2
(B42)
a1
= (a2ea1)
2(a2fa1)
2.
Let A, B, C, D and E be simple closed curves with arrows as shown in Fig-
ure 8. Repeating the relation (3), we have tA = a1(a2ea1)a
−1
3 (a2ea1)
−1a−11 ,
tB = a1(a2ea1)
2a3(a2ea1)
−2a−11 and tC = a1(a2fa1)
−1a3(a2fa1)a
−1
1 . Hence we
calculate
a1{(a2ea1)a
−1
3 (a2ea1)a3(a2fa1)a
−1
3 (a2fa1)a3}a
−1
1 = tAtBy
2tC(a1a3a
−1
1 )
(1),(3)
= tAtBy
2tCa3tDtE
(5)
= 1.
Thus the relation (B1) is satisfied in 〈X | Y 〉, by Section 3.1.2.
Figure 8.
3.1.2. On the relations (B21) and (B22).
Let A, B, C and D be simple closed curves with arrows as shown in Figure 9.
Repeating the relation (3), we have tA = a2a1ea
−1
1 a
−1
2 and tB = a2a1f
−1a−11 a
−1
2 .
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In addition, by the relations (1) and (4)′ we have tC = (fa1a2)
4. Hence we calculate
y2
(5)
= tAtBtCtDa1a
−1
1
(1)
= (a2a1ea
−1
1 a
−1
2 )(a2a1f
−1a−11 a
−1
2 )(fa1a2)
4
= a2a1ef
−1a−11 a
−1
2 f
(B42)
a1a2fa1 a2f
(B42)
a1a2fa1a2
= a2a1ef
−1a−11 f
(A23)
a−12 a1a2fa1f
(A23)
a2a1a2fa1a2
= a2a1ea1f
−1a−11 a
−1
2 a1a2a1f
(A2),(B42)
a1a2a1a2fa1a2
= a2a1ea1a2a1a2a1a2fa1a2.
Thus the relation (B21) is satisfied in 〈X | Y 〉.
Figure 9.
Moreover, similar to the transformation of the relation (B21) of Section 3.1.1,
the relation (B22) can be rewritten as
(a2ea1)
2(a2fa1)
4(a2ea1)
2 = 1.
By the relations (1) and (4)′, we have tC = (a2fa1)
4 and t−1C = (a2ea1)
4. Hence
we calculate
(a2ea1)
2(a2fa1)
4(a2ea1)
2 = (a2ea1)
2tC(a2ea1)
2
(3)
= (a2ea1)
4tC
= t−1C tC
= 1.
Thus the relation (B22) is satisfied in 〈X | Y 〉.
3.1.3. On the relations (B61) and (B62).
Let A, B, C, D and E be simple closed curves with arrows as shown in Fig-
ure 10. Repeating the relation (3), we have tA = a1a2a3f
−1a−13 a
−1
2 a
−1
1 and
tB = a
−1
2 a
−1
3 e
−1a3a2. Then we calculate
bcy2
(5)
= tCa1a
−1
1 a3
= tCa3,
tAtBy
2 (5)= tCtDtEa3
(1)
= tCa3,
and hence bc = tAtB. Thus the relation (B61) is satisfied in 〈X | Y 〉.
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Figure 10.
In addition, repeating the relation (3), we have y2by−2 = ty(γ),
a−11 e
−1a3a2a
−1
3 ea1 = ty(A) and ea
−1
3 y
2a2y
−2a3e
−1 = ty(B). Since c = ty(β), the
relation (B62) is satisfied in 〈X | Y 〉 by the argument similar to the relation (B61).
3.1.4. On the relations (B81) and (B82).
Let A, B, C and D be simple closed curves with arrows as shown in Fig-
ure 11. Repeating the relation (3), we have tA = (a1ea
−1
3 a
−1
4 )c(a4a3e
−1a−11 ),
tB = (a
−1
1 a
−1
2 a
−1
3 a
−1
4 )b
−1(a4a3a2a1) and tC = (a
−1
3 a
−1
2 e
−1a3)a4(a
−1
3 ea2a3). By
the relation (5) we see
tAtDa2a4 = tCe
−1t−1B ,
and by the relations (1) and (3) we see
tAtB = a
−1
4 tCa
−1
2 e
−1.
Thus the relation (B81) is satisfied in 〈X | Y 〉.
Figure 11.
In addition, repeating the relation (3), we have (a−11 a
−1
2 a
−1
3 a
−1
4 )b(a4a3a2a1) =
ty−1(A), (a1fa
−1
3 a
−1
4 )y
−2c−1y2(a4a3f
−1a−11 ) = ty−1(B) and
(a−13 fa2a3)a4(a
−1
3 a
−1
2 f
−1a3) = ty−1(C). Since a
−1
4 = t
−1
y−1(α4)
, f = t−1
y−1(α2)
and a2 = t
−1
y−1(ε), the relation (B82) is satisfied in 〈X | Y 〉 by the argument similar
to the relation (B81).
3.1.5. On the relation (C1a).
AN INFINITE PRESENTATION FOR T (Ng,n) 13
We calculate
̺
(C1a)
= (a1a2 · · · ag−1)
g
= a1a2 · · · ag−1(a1a2 · · ·ag−1)
g−2a1
(A1),(A2)
a2 · · ·ag−1
= a1a2 · · · ag−1ag−1(a1a2 · · · ag−1)
g−2a2 · · · ag−1
= a1a2 · · · ag−1ag−1(a1a2 · · · ag−1)
g−3a1
(A1),(A2)
(a2 · · · ag−1)
2
= a1a2 · · · ag−1ag−1ag−2(a1a2 · · ·ag−1)
g−3(a2 · · · ag−1)
2
...
= a1a2a3 · · · ag−1ag−1 · · ·a3a2a1(a2a3 · · · ag−1)
g−1
(3)
= (a2a3 · · · ag−1)
g−1a1a2a3 · · ·ag−1ag−1 · · · a3a2a1.
Let ̺′ = (a−11 e
−1a3 · · · ag−1)
g. Similarly, by the relations (A1), (A2), (A11), (A21),
(A22) and (3), we have
̺′ = (e−1a3 · · · ag−1)
g−1a−11 e
−1a3 · · · ag−1ag−1 · · · a3e
−1a−11 .
We show that ̺′ = y2̺. By the relations (1) and (4)′, since (̺′)2 = 1, we calculate
̺′̺−1 = (̺′)−1̺−1
= a1ea
−1
3 · · · a
−1
g−1a
−1
g−1 · · · a
−1
3 ea1(e
−1a3 · · · ag−1)
1−g̺−1
(C2),(C2)
= a1ea
−1
3 · · · a
−1
g−1a
−1
g−1 · · · a
−1
3 ea1̺
−1(f−1a3 · · · ag−1)
1−g
= a1ea
−1
3 · · · a
−1
g−1a
−1
g−1 · · · a
−1
3 ea1
a−11 a
−1
2 a
−1
3 · · ·a
−1
g−1a
−1
g−1 · · · a
−1
3 a
−1
2 a
−1
1 (a2a3 · · · ag−1)
1−g
(f−1a3 · · ·ag−1)
1−g
(B41)
= a1{ea2(a
−1
2 a
−1
3 · · · a
−1
g−1a
−1
g−1 · · · a
−1
3 a
−1
2 )}
2a−11
(a2a3 · · · ag−1)
1−g(f−1a3 · · · ag−1)
1−g.
It suffices to show the equality
y2(f−1a3 · · ·ag−1)
g−1(a2a3 · · · ag−1)
g−1
= a1{ea2(a
−1
2 a
−1
3 · · · a
−1
g−1a
−1
g−1 · · · a
−1
3 a
−1
2 )}
2a−11 .
Let γ1, γ2 and γ3 be oriented simple loops based at ∗ which is a point obtained
by the blowdown with respect to the first crosscap, as shown in Figure 12 (a), and A
and B simple closed curves with arrows as shown in Figure 12 (b). By the relations
(4)′ and Remark 2.3, we have (a2a3 · · · ag−1)
g−1 = P⊗(γ1), (f
−1a3 · · ·ag−1)
g−1 =
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P⊗(γ2) and tAtB = P⊗(γ3). Hence by Remark 2.4, we calculate
y2(f−1a3 · · · ag−1)
g−1(a2a3 · · · ag−1)
g−1 = P⊗(α)P⊗(γ2)P⊗(γ1)
(5)
= P⊗(α)P⊗(γ1γ2)
(5)
= P⊗(γ1γ2α)
= P⊗(γ3)
= tAtB
(1)
= tA.
On the other hand, we see
a1{ea2(a
−1
2 a
−1
3 · · · a
−1
g−1a
−1
g−1 · · · a
−1
3 a
−1
2 )}
2a−11
=a1(ea2)a
−1
1 · a1(a2a3 · · · ag−1ag−1 · · · a3a2)
−1ea2(a2a3 · · · ag−1ag−1 · · · a3a2)a
−1
1
a1(a2a3 · · · ag−1ag−1 · · · a3a2)
−2a−11 .
In addition, by the relations (A1), (A2) and (3), we see
(a2a3 · · · ag−1)
2(g−1) = (a3 · · · ag−1)
2(g−2)(a2a3 · · · ag−1ag−1 · · · a3a2)
2,
and hence
a1(a2a3 · · · ag−1ag−1 · · ·a3a2)
−2a−11
= a1(a2a3 · · · ag−1)
−2(g−1)(a3 · · · ag−1)
2(g−1)a−11
(A1)
= a1(a2a3 · · · ag−1)
−2(g−1)a−11 (a3 · · · ag−1)
2(g−2).
Let γ4, γ5, γ6 and γ7 be oriented simple loops based at ∗ which is a point obtained
by the blowdown with respect to the second crosscap, as shown in Figure 12 (a),
and C a simple closed curve with an arrow as shown in Figure 12 (b). By the
relations (3), (4)′ and Remark 2.3, we have a1(a2a3 · · · ag−1)
−(g−1)a−11 = P⊗(γ4),
a1(a2a3 · · · ag−1ag−1 · · ·a3a2)
−1ea2(a2a3 · · · ag−1ag−1 · · ·a3a2)a
−1
1 = P⊗(γ5),
a1(ea2)a
−1
1 = P⊗(γ6), tAt
−1
C = P⊗(γ7) and (a3 · · ·ag−1)
2(g−2) = tC . Hence by
Remark 2.4, we calculate
a1{ea2(a
−1
2 a
−1
3 · · ·a
−1
g−1a
−1
g−1 · · · a
−1
3 a
−1
2 )}
2a−11 = P⊗(γ6)P⊗(γ5)P⊗(γ4)
2tC
(5)
= P⊗(γ6)P⊗(γ4γ5)P⊗(γ4)tC
(5)
= P⊗(γ4γ5γ6)P⊗(γ4)tC
(5)
= P⊗(γ
2
4γ5γ6)tC
= P⊗(γ7)tC
= tA.
Thus the relation (C1a) is satisfied in 〈X | Y 〉.
3.1.6. On the relation (C4a).
For 1 ≤ i ≤
g − 1
2
, let γi be an oriented simple loop based at ∗ which is a point
obtained by the blowdown with respect to the first crosscap, as shown in Figure 13,
and Φ = e−1a3 · · · ag−1.
We now prove the following lemma.
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(a)
(b)
Figure 12.
Lemma 3.2. In 〈X | Y 〉, we have P⊗(γ1)Φ
2P⊗(γi) = P⊗(γi+1)Φ
2 for 1 ≤ i ≤
g − 3
2
.
Proof. Let δi be an oriented simple loop based at ∗ which is a point obtained by
the blowdown with respect to the first crosscap, as shown in Figure 13. By Re-
mark 2.3, repeating the relation (3), we have Φ2P⊗(γi)Φ
−2 = P⊗(δi). In addition,
by Remarks 2.3 and 2.4, we have P⊗(γ1)P⊗(δi) = P⊗(γi+1), and hence the claim
holds. 
Figure 13.
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By the relation (4)′ and Remark 2.3, we have a2e = P⊗(γ1) and P⊗(γ g−1
2
) =
Φ1−g. Hence by Lemma 3.2, we calculate
(a2a3 · · ·ag−1e
−1a3 · · ·ag−1)
g−1
2 = (a2e(e
−1a3 · · ·ag−1)
2)
g−1
2
= (P⊗(γ1)Φ
2)
g−1
2
= (P⊗(γ1)Φ
2)
g−5
2 P⊗(γ2)Φ
4
= (P⊗(γ1)Φ
2)
g−7
2 P⊗(γ3)Φ
6
...
= P⊗(γ g−1
2
)Φg−1
= 1.
Thus the relation (C4a) is satisfied in 〈X | Y 〉.
3.1.7. On the relation (C3).
In M(Ng,0), ¯̺ is defined as ¯̺ = y̺ and we have the relation ̺ =
(y−1a2a3 · · ·ag−1ya2a3 · · ·ag−1)
g−2
2 y−1a2a3 · · · ag−1 (see [26]). In addition, note
that Lemma 3.2 holds even if g is even. Hence we calculate
¯̺ = y(y−1a2a3 · · ·ag−1ya2a3 · · · ag−1)
g−2
2 y−1a2a3 · · ·ag−1
= (a2a3 · · · ag−1ya2a3 · · · ag−1y
−1)
g−2
2 a2a3 · · · ag−1
= (a2a3 · · · ag−1e
−1a3 · · · ag−1)
g−2
2 a2a3 · · · ag−1
= (P⊗(γ1)Φ
2)
g−2
2 P⊗(γ1)Φ
= (P⊗(γ1)Φ
2)
g−4
2 P⊗(γ2)Φ
3
= (P⊗(γ1)Φ
2)
g−6
2 P⊗(γ3)Φ
5
...
= P⊗(γ1)Φ
2P⊗(γ g−2
2
)Φg−3
= P⊗(γ1)(Φ
2P⊗(γ g−2
2
)Φ−2)Φg−1,
where γi and A are defined in Section 3.1.6. Let δ1 and δ2 be oriented simple
loops based at ∗ which is a point obtained by the blowdown with respect to the
first crosscap, as shown in Figure 14 (a). Repeating the relation (3), we have
Φ2P⊗(γ g−2
2
)Φ−2 = P⊗(δ1). In addition, by Remark 2.4, we have P⊗(γ1)P⊗(δ1) =
P⊗(δ2). Let δ3 and δ4 be oriented simple loops based at ∗ which is a point obtained
by the blowdown with respect to the first crosscap, as shown in Figure 14 (a).
Repeating the relation (3), we have Φg−1P⊗(δ2)Φ
1−g = P⊗(δ3). In addition, by
Remark 2.4, we have P⊗(δ2)P⊗(δ3) = P⊗(δ4). Let A and B be simple closed curves
with arrows as shown in Figure 14 (b). By the relation (4)′ and Remark 2.3, we
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have Φ2g−2 = tA and P⊗(δ4) = tBt
−1
A . Hence we calculate
¯̺2 = (P⊗(δ2)Φ
g−1)2.
= P⊗(δ2)P⊗(δ3)Φ
2g−2
= P⊗(δ4)tA
= tB
(1)
= 1.
Thus the relation (C3) is satisfied in 〈X | Y 〉.
(a)
(b)
Figure 14.
3.1.8. On the relation (C4).
Note that the relation a2 ¯̺ = ¯̺e
−1 is obtained from the relations
(C23) and (C3). We call this relation (C24). By the equality ¯̺ =
(a2a3 · · · ag−1e
−1a3 · · · ag−1)
g−2
2 a2a3 · · · ag−1 which appeared in Section 3.1.7, we
calculate
(¯̺a2a3 · · · ag−1)
g−1 = ¯̺a2a3 · · · ag−1 ¯̺
(C22),(C24)
a2a3 · · ·ag−1(¯̺a2a3 · · · ag−1)
g−3
= ¯̺2e−1a3 · · · ag−1a2a3 · · ·ag−1 ¯̺
(C22),(C23),(C24)
a2a3 · · · ag−1(¯̺a2a3 · · · ag−1)
g−4
= ¯̺3a2a3 · · ·ag−1e
−1a3 · · ·ag−1a2a3 · · · ag−1(¯̺a2a3 · · · ag−1)
g−4
...
= ¯̺g−1(a2a3 · · · ag−1e
−1a3 · · · ag−1)
g−2
2 a2a3 · · ·ag−1
= ¯̺g
(C3)
= 1.
Thus the relation (C4) is satisfied in 〈X | Y 〉.
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Therefore well-definedness of ψ follows.
3.2. Surjectivity of ψ.
For any simple closed curve d of Ng,n, we denote the complement of the interior
of a regular neighborhood of d by Ng,n\d. If Ng,n\d and Ng,d\d
′ are diffeomorphic,
there exists x ∈ M(Ng,n) with x(d
′) = d for n ≤ 1. In particular, if d and d′ are
two sided, we have xtd′;θ′x
−1 = td;θ for some orientation θ and θ
′.
For any two sided simple closed curve d of Ng,n where n ≤ 1, Ng,n \ d is diffeo-
morphic to either one of
• Ng−2,n+2, where g ≥ 3,
• Σ g−2
2
,n+2, where g is even,
• Σh,1 ⊔Ng−2h,n+1, where 0 ≤ h <
g
2
,
• Ni,1 ⊔Ng−i,n+1, where 1 ≤ i ≤ g − 1 and g ≥ 2,
• Ni,1 ⊔ Σ g−i
2
,n+1, where 1 ≤ i ≤ g and g − i is even.
For each case, we would like to find a word w on X0 such that ψ(w) = td;θ.
3.2.1. The case where Ng,n \ d is diffeomorphic to Ng−2,n+2 or Σ g−2
2
,n+2.
There exists x ∈ M(Ng,n) such that xtd′;θ′x
−1 = td;θ, where td′;θ′ = a1 or b g−2
2
respectively. If x ∈ T (Ng,n), there exists a word x = x1x2 · · ·xs on X0. Then
we obtain ψ((x1x2 · · ·xs)td′;θ′(x1x2 · · ·xs)
−1) = td;θ , repeating the relation (3).
If x /∈ T (Ng,n), since xy
−1 ∈ T (Ng,n) by the sequence (3) in Section 2.2, there
exists a word xy−1 = x1x2 · · ·xs on X0. Since ytd′;θ′y
−1 = a−11 or b¯ g−2
2
, we obtain
ψ((x1x2 · · ·xs)(ytd′;θ′y
−1)(x1x2 · · ·xs)
−1) = td;θ, repeating the relation (3).
3.2.2. The case where Ng,n \ d is diffeomorphic to Σh,1 ⊔Ng−2h,n+1.
When h = 0, since td;θ = 1 by the relation (1), we obtain ψ(1) = td;θ. When
h ≥ 1, there exists x ∈ M(Ng,n) such that xtd′;θ′x
−1 = td;θ, where d
′ is the
boundary curve of a regular neighborhood of α1 ∪ α2 ∪ · · · ∪ α2h, as shown in
Figure 15. Note that we have tǫd′;θ′ = (a1a2 · · · a2h)
4h+2 for some ǫ = ±1, by the
relation (4)′. If x ∈ T (Ng,n), there exists a word x = x1x2 · · ·xs on X0. Then
we obtain ψ((x1x2 · · ·xs)(a1a2 · · ·a2h)
ǫ(4h+2)(x1x2 · · ·xs)
−1) = td;θ, repeating the
relations (3) and (4)′. If x /∈ T (Ng,n), there exists a word xy
−1 = x1x2 · · ·xs
on X0. Since ya1y
−1 = a−11 , ya2y
−1 = e−1 and yaiy
−1 = ai for i ≥ 3, we
obtain ψ((x1x2 · · ·xs)(a
−1
1 e
−1a3 · · · a2h)
ǫ(4h+2)(x1x2 · · ·xs)
−1) = td;θ, repeating the
relations (3) and (4)′.
Figure 15.
AN INFINITE PRESENTATION FOR T (Ng,n) 19
3.2.3. The case where Ng,n \ d is diffeomorphic to Ni,1 ⊔Ng−i,n+1.
When i = 1, since td;θ = 1 by the relation (1), we obtain ψ(1) = td;θ.
When i = 2, there exists x ∈ M(Ng,n) such that xy
2x−1 = td;θ. If
x ∈ T (Ng,n), there exists a word x = x1x2 · · ·xs on X0. Then we obtain
ψ((x1x2 · · ·xs)y
2(x1x2 · · ·xs)
−1) = td;θ, repeating the relation (3). If x /∈ T (Ng,n),
there exists a word xy−1 = x1x2 · · ·xs on X0. Since y · y
2 · y−1 = y2, we have
ψ((x1x2 · · ·xs)y
2(x1x2 · · ·xs)
−1) = td;θ, repeating the relation (3). When i ≥ 3,
we take simple closed curves d1, . . . , d6 as shown in Figure 16. By induction on i,
we can suppose that tdj ;θj is described as a word on X0 for 1 ≤ j ≤ 6. Hence we
obtain ψ(tǫ1d1;θ1t
ǫ2
d2;θ2
tǫ3d3;θ3t
ǫ4
d4;θ4
tǫ5d5;θ5t
ǫ6
d6;θ6
) = td;θ for some ǫj = ±1, by the relations
(2) and (5).
Figure 16.
3.2.4. The case where Ng,n \ d is diffeomorphic to Ni,1 ⊔ Σ g−i
2
,n+1.
When i = 1, since td;θ = 1 by the relation (1), we obtain ψ(1) = td;θ. When i = 2,
d is described as shown in Figure 17. Let γ1 and γ2 be oriented loops of Ng−1,n
based at ∗ as shown in Figure 17, where ∗ is the point obtained by the blowdown
with respect to the crosscap M in Figure 17. By Remark 2.3, we can describe
P⊗(γj) = xj(a2f)x
−1
j for some xj ∈ M(Ng,n), for j = 1 and 2. If xj ∈ T (Ng,n), xj
is presented by a word on X0, and hence P⊗(γj) is a word on X0. If xj /∈ T (Ng,n),
xjy
−1 is presented by a word on X0. Since y(a2f)y
−1 = e−1a−12 , P⊗(γj) is a word
on X0. We denote the word presentation of P⊗(γj) on X0 by wj . Then we calculate
ψ(w2w1) = w2w1
(3)
= P⊗(γ2)P⊗(γ1)
(5)
= P⊗(γ1γ2)
(1)
= td;θ, by Remarks 2.3 and 2.4.
When i ≥ 3, we can show that there exists a word w on X0 such that ψ(w) = td;θ,
by the argument similar to Section 3.2.3 above.
Figure 17.
Therefore surjectivity of ψ follows, and hence the proof of Proposition 3.1 is
completed.
4. Proof of Theorem 1.1 for g ≥ 1 and n ≥ 2
Recall the capping map C, the point pushing map P∗ and the forgetful map F
defined in Section 2.1. Let T +(Ng,n−1, ∗) = C(T (Ng,n)), then for g ≥ 1 and n ≥ 2,
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from the sequences (1) and (2) in Section 2.1, we have the short exact sequences
1→ Z→ T (Ng,n)
C
→ T +(Ng,n−1, ∗)→ 1,(4)
1→ π+1 (Ng,n−1, ∗)
P∗→ T +(Ng,n−1, ∗)
F
→ T (Ng,n−1)→ 1.(5)
Using these sequences and the presentation of T (Ng,1) given in Section 3, we give
the presentation of T (Ng,n) for g ≥ 1 and n ≥ 2, by induction on n.
Note that, in general, as basics on combinatorial group theory, from presented
groups 〈G1 | R1〉 and 〈G3 | R3〉 with a short exact sequence 1→ 〈G1 | R1〉
i
→ G
p
→
〈G3 | R3〉 → 1, we can give a presentation for G as follows. Let g˜ be any lift of
g ∈ G3 with respect to p, and r˜ a word obtained from r ∈ R3 by replacing each
g ∈ G3 to g˜. For x ∈ ker p, denote by wx a word on i(G1) corresponding to x.
For r ∈ R1, denote by r¯ a word on i(G1) obtained from r by replacing h ∈ G1 to
i(h). Let G2 = {i(h), g˜ | h ∈ G1, g ∈ G3} and R2 = {r1, r˜3w
−1
r˜3
, g˜i(h)g˜−1w−1
g˜i(h)g˜−1 |
r1 ∈ R1, r3 ∈ R3, h ∈ G1, g ∈ G3}. Then we have a presentation G = 〈G3 | R3〉.
For details, for instance see [11].
We now show the following proposition, using the sequence (5). Remember the
infinite presentation 〈X | Y 〉 for the group presented in Theorem 1.1.
Proposition 4.1. For g ≥ 1 and n ≥ 2, suppose T (Ng,n−1) = 〈X | Y 〉, then
T +(Ng,n−1, ∗) admits a presentation with a generating set
X˜ =
{
tc˜,θ˜
∣∣∣∣ c˜ is a two sided simple closed curve of Ng,n−1 \ {∗} does not bound ∗,θ˜ is an orientation of a regular neighborhood of c˜.
}
.
The defining relations are
(1˜) tc˜,θ˜ = 1 if c˜ bounds a disk or a Mo¨bius band,
(2˜) t−1c˜;−c˜ = tc˜;+c˜ ,
(3˜) all the conjugation relations ftc˜,θ˜f
−1 = tf(c˜);f∗(θ˜) for f ∈ X˜,
(4˜) all the 2-chain relations,
(5˜) all the lantern relations,
(5˜)′ all the extended lantern relations defined in Remark 2.2.
Proof. π+1 (Ng,n−1, ∗) is a finite rank free group for n ≥ 2. However, we consider an
infinite presentation for π+1 (Ng,n−1, ∗). Let π be the group generated by symbols
Sα for a non trivial simple loop α ∈ π
+
1 (Ng,n−1, ∗), and with the defining relations
• Sα−1 = S
−1
α ,
• SαSβ = Sγ if αβ = γ,
• SαSβS
−1
α = Sγ if αβα
−1 = γ.
Then we have that π is isomorphic to π+1 (Ng,n−1, ∗) (see [13]). So π gives an infinite
presentation for π+1 (Ng,n−1, ∗). By this we identify π
+
1 (Ng,n−1, ∗) with π.
We take a simple path P of Ng,n−1 between ∗ and the (n − 1)-st boundary
component. For a simple closed curve c of Ng,n−1, let cˆ be a simple closed curve
ofNg,n−1\{∗} corresponding to c which does not intersect P , as shown in Figure 18.
By the sequence (5), T +(Ng,n−1, ∗) is generated by
• t
cˆ;θˆ for any simple closed curve c of Ng,n−1 and
• P∗(Sα) for any generator Sα of π.
For any tc˜,θ˜ ∈ X˜, if c˜ intersects P transversally at l ≥ 1 points, there exist tc˜′,θ˜′ ∈ X˜
and Sα such that tc˜,θ˜ = P∗(Sα)tc˜′,θ˜′, as shown in Figure 19, by Remark 2.3. We
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Figure 18. Examples of simple closed curves of Ng,n−1 \ {∗} cor-
responding to simple closed curves ofNg,n−1 which do not intersect
the path P .
notice that c˜′ intersects the path transversally at l− 1 points. By induction on the
intersection number l of c˜ and P , we see that tc˜,θ˜ is a product of tcˆ;θˆ and some
P∗(Sα)’s, so T
+(Ng,n−1, ∗) is generated by X˜.
Figure 19. c˜ and c˜′ are the boundary curves of a regular neigh-
borhood of α.
By the sequence (5), T +(Ng,n−1, ∗) has the relations
• r˜ = wr˜ for the lift of any r ∈ Y with respect to F ,
• – P∗(Sα−1) = P∗(Sα)
−1,
– P∗(Sβ)P∗(Sα) = P∗(Sγ) for any Sα, Sβ and Sγ satisfying αβ = γ,
– P∗(Sα)
−1P∗(Sβ)P∗(Sα) = P∗(Sγ) for any Sα, Sβ and Sγ satisfying
αβα−1 = γ and
• t
cˆ;θˆP∗(Sα)t
−1
cˆ;θˆ
= wtcˆ;θˆP∗(Sα)t
−1
cˆ;θˆ
for any t
cˆ;θˆ and Sα,
where wx is a word corresponding to x on {P∗(Sα)}. In the first relation, from the
definition of cˆ, it is clear that wr˜ = 1 for any r ∈ Y . Hence the first relation is
either one of the relations (1˜)-(5˜). In the second relation, the relation P∗(Sα−1) =
P∗(Sα)
−1 is trivial. The relation P∗(Sβ)P∗(Sα) = P∗(Sγ) is obtained from the
relations (3˜) or (5˜)′ by Remark 2.2. The relation P∗(Sα)
−1P∗(Sβ)P∗(Sα) = P∗(Sγ)
is the relation (3˜). In the third relation, we have wtc˜;θ˜P∗(Sα)t
−1
c˜;θ˜
= P∗(Stc˜;θ˜(α)), and
hence it is the relation (3˜).
Thus the claim is obtained. 
Finally we complete the proof of Theorem 1.1.
Proof of Theorem 1.1. From the case where n = 1 of Theorem 1.1, Proposition 4.1
and the sequence (4), by iduction on n, T (Ng,n) is generated by
• the natural lift tc;θ of tc˜;θ˜ with respect to C and
• the Dehn twist t∂n;θn about the n-th boundary curve ∂n,
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that is, X generate T (Ng,n). In addition T (Ng,n) has the relations
• r˜ = wr˜ for the lift of any relator r of T
+(Ng,n−1, ∗) with respect to C and
• tc;θt∂n;θnt
−1
c;θ = wtc;θt∂n;θn t
−1
c;θ
,
where wx = t
m
∂n;θn
for some integer m corresponding to x. In the first relation,
it is clear that wr˜ = 1 if r is a relator corresponding to the relations (1˜)-(5˜) of
Proposition 4.1. On the other hand, if r is a relator corresponding to the rela-
tion (5˜)′ of Proposition 4.1, then wr˜ = t
ǫ
∂n;θn
for some ǫ = ±1. Hence the first
relation is either one of the relation (1)-(5). In the second relation, it is clear that
wtc;θt∂n;θn t
−1
c;θ
= t∂n;θn , and hence it is the relation (3).
Thus we complete the proof. 
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